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Searching — talk overview

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) — in dynamic memory
— Node representation
— Operations
— Tree balancing
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Searching

Input: a set of n keys, a query key k

o _ Sequential search
Problem description: Where is k?

G?

Search was successful
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Searching

Input: a set of n keys, a query key k

o _ Sequential search
Problem description: Where is k?

L7?

Search was unsuccessful
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Searching

Search space S

= set of keys where we search

— precisely: set of records
with keys we search

— unique keys
— (table, file,...)

Universum U of the search space

= set of ALL possible keys
ScU
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Searching

Speed-up
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Searching

Input: a set of n keys, a query key k
Problem description: Where is k?

» © 0 © O W e ©
G?
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Searching

Input: a set of n keys, a query key k
Problem description: Where is k?

0360@60

G
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Searching

Input: a set of n keys, a query key k
Problem description: Where is k?

» © 0 © O W e ©
L2
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Searching

Input: a set of n keys, a query key k
Problem description: Where is k?

/
/

L not found 1
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Search space

Search
space

insert,replace
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Searching

Search space (lexicon)

— Static - fixed search space

-> simpler implementation
-> change => new release
-> example: Phonebook, printed dictionary

— Dynamic - search space changes in time

-> more complex implementation
-> change by 1nsert,delete,replace

-> table of symbols in compiler, dictionary,...
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Search space

Static search space

create @
4

Search
space
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Search space

Dynamic search space

Search
space

insert,replace
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Searching

Variables: Kk .. key
e .. element with key k

S .. data set

Operations (Informal list):

selectors
— search(k,s)
—min(s), max(s) on :<ey o:‘ element
— exiension o replace is
pred (e ’ S) ’ SUCC(e ’ S) part of the new
element e
modifiers /

— Insert(e,s), delete(k,s), replace(e,s)
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Search space

Extended

min, max
empty

Search
space

insert,replace
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Another classification

Address search - based on digital properties of keys
— Compute position from key  pos = f(k)
— Direct access (primy pfristup), hashing
— Array, table,...
— Direct => FAST (see lecture 11) ... O(1)

Associative search - based on comparison between el.
— Element is located in relation to others
— Sequential, binary search, search trees
— Needs searching => SLOWER ... O(log n) to O(n)
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Another classification

Internal or external

—internal in the memory
— external in files on disk or tape

Dimensionality of keys

— One dimensional -k
— Multidimensional - [x,y,Z]
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Searching — talk overview

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS)
— Node representation
— Operations
— Tree balancing
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Quality measures

Space for data

P(n) = memory complexity

Time / Number of operations

Q(n) =comp
I(n) = comp
D(n) =comp

DSA

exity of search, query
exity of Insert
exity of delete
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Searching — talk overview

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) — in dynamic memory
— Node representation
— Operations
— Tree balancing
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Searching in unsorted array

0123 45 Unsorted array P(n) =0O(n)
DIB/A|C -
: Sequential search  Q(n) = O(n)
size insert I(n) =0(1)©
delete D(n) = O(n)
min, max Qn(n)= O(n)
/nodeT seqSearch( key k, nodeT a[] ) { h
int i = 0; £
while( (1 Z.si1ze)] && (a[1]-key = k) )

1+
IT( 1 < a.size ) return af[i];
else return NODE NOT_ FOUND;

\ Java-like pseudo code /
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Searching in unsorted array

o 12 3 4 5  nsorted array with
DIBJA|C '? Sequential search still Q(n) = O(n)
<o DButsaves one test per step ©

search("E", a)

~

nodeT seqSearchWithSentinel( key k, nodeT a[] ) {
int 1 = 0;
a[a.size] = createArrayElement(k); // add sentinel
while( a[i1]-key = k ) // save one test per step
1++;
1IT( 1 < a.size ) return al[i];
else return NODE NOT_FOUND;

K Java-like pseudo code /
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Searching — talk overview

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) — in dynamic memory
— Node representation
— Operations
— Tree balancing
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Searching in sorted array

Binary search

0 1 2 15 16 17
AlB|C Z
¥
| size
pos

search("A", a)

Java-like pseudo code
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Searching in sorted array

012 3 4 5 Sorted arrav.~ P(n) = O(n)
AlB|C|D Binary search Q( ) = O(log(n))©
T Insert | (n) = O(n)
first Ias.tsIze de.lete ( ) (n)
min, max Q,(nN)=0(1) @©
@ N

nodeT binarySearch( key k, nodeT sortedArray[] ) {
Int pos = bs( k, sortedArray, 0O, sortedArray.size - 1 );

1T pos >= 0 ) return sortedArray|[pos];
else return NODE NOT_ FOUND;
// bs can return -(pos+l), 1.e.
// position to insert the node with key k

Q Java-like pseudo code /
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Binary search <,=,>

/}/Recursive version Stop 1f found -> O(Iog(n)j\
Int bs( key k, nodeT a[], Int first, int last ) {
iIf(C first > last ) return —(first + 1); // not found
int mid = ( first + last ) / 2;
1IT( k < a[mid].key ) return bs( k, a, first, mid — 1);
1If( kK > a[mid].key ) return bs(C k, a, mid + 1, last );
return mid,; // found!

\} Java-like pseudo code /

//}/ Iterative version Stop 1f found -> O(Iog(n);\
int bs(key k, nodeT a[l, int first, int last ) {
while (first <= last) {
int mid = (first + last) /7 2; // mid point
iIT (k < a[mid].key) last = mid - 1;
else 1T (key > a[mid].key) Tirst = mid + 1;
else return mid; // found
} return -(first + 1); // failed to find key

Q Java-like pseudo code /
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Binary search <=, >

/// Iterative Tix length version
// with just one test, stop after log(
int bs(key k, nodeT a[], int first,
while (First < last) {
int mid = (first +
1T (key > a[mid].

- _here A[mid] >= key
iIT A[mid] == key

it (T nd A[first ] == value)

Java-like pseudo code /
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Binary search bug

Binary search bug [pointed out by Ondrej Karlik/Joshua Bloch]
[Sun JDK 1.5.0 beta, 2004]

int mid = (first + last) / 2;

int mid = (first + last) >> 1; -
gibibyte

Signed arithmetic overflow for large arrays
— number larger than 23011l ~1 GiB
— negative index out of bouds

Solution:
int mid first + ((last - first) /7 2);
int mid = (first + last) >>> 1; // unsigned shift
int mid ((unsigned) (first + last)) >> 1;
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Interpolation search

Interpolation search
 parallels how humans search through a phone book

» estimates position based on values of bounds
a[first] and aJ last]

(last - first)
pos = first + ————————————————— (x — a[first])
a[last] — a[first]

* O(log log n) average case for uniform distribution
* O(n) maximum for e.g. exponential distribution
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Searching in sorted array

Interpolation search
search("7", a) P

oo
Bt
o
Bt
on
o
on
L2

P

last

pos = first + —-———-——-———m——- (x — a[first])
a[last] — a[first]
(15 - 0)
pos =0 + ————————- *(7 - 1) = 15/29 * 6 = 3 => found
30 - 1
while mid = 15-0 = 7
DSA
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Searching (Vyhledavani)

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) - in dynamic memory
— Node representation
— Operations
— Tree balancing
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Binarni vyhledavaci strom (BVS)

Binarni strom

= prazdny strom, nebo

trojice: koren a TL (levy podstrom) a TR (pravy podstrom).
Jeden i oba mohou byt prazdné [Kolar]

— uzelma 0, 1, 2 nasledniky (nemusi byt pravidelny)

Binarni vyhledavaci strom (BVS)

— binarni strom, v némz navic
— Pro libovolny uzel u plati, ze

pro vsechny uzly u, z leveho podstromu a
pro vsechny uzly ui z praveho podstromu uzlu u plati:

KIig(u, ) < Klig(u) < KIic(ug)

DSA 33/122



Binary search tree (BST)

Binary tree

= empty tree, or
triple: root, TL (left subtree), and TR (right subtree). One or
both can be empty [Kolar]

— node has 0, 1, 2 successors (need not to be regular)

Binarni vyhledavaci strom (BVS)

= Binary tree, and moreover
— For any node u holds

for all nodes u, from the left subtree and
for all nodes uy from the right subtree of node u holds:

key(u,) < key(u) < key(ug)
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Binarni vyhledavaci strom
Binary Search Tree

Smaller left Greater right

All sub-tree elements <7
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Searching (Vyhledavani)

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) — in dynamic memory
— Node representation
— Operations
— Tree balancing
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Tree node representation

kéy

left

r| ht

/ N

key

left

r| ht

left

r| ht

7NN

DSA

Good for:
* search

°* min, max
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Tree node representation
|

parént
key
left | right Good for
// \\ * search
parent parent
key key ° min, max
Ieft rigbt Ieft rigbt

Z N SN\ Ry
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Tree node representation

s _ A
public class Node {

public Node left;
public Node right;
public Int key;

public Node(int k) {
key = K;
left = null;
right = null;

}
}

public class Tree {
public Node root;
public Tree() {
root = null;

b3

\_ See Lesson 6, page 17-18
DSA

/

-

public class Node {

\

}

public class Tree {

public Node parent;

public Node left;

public Node right;

public Int key;

public Node(int k) {

key = K;
parent = null;
left = null;
right = null;

}

,

J
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Searching (Vyhledavani)

Typical operations

Quality measures

Implementation in an array
— Sequential search
— Binary search

Binary search tree — BST (BVS) — in dynamic memory
— Node representation

— Operations
— Tree balancing
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Searching BST

G?

65D\ :_...,..-‘fi::;::::::::'--....x.

. N

......................................................................................

G=G >stop element G found
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Searching BST - recursively

///Recursive version A
Node treeSearch( Node x, key k )
{
IT(( X == null ) or ( k == x_.key ))
return X;
1IT( k < x.key )
return treeSearch( x.left, k );
else
return treeSearch( x.right, k );
J J

DSA

Java-like pseudo code
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Searching BST - iteratively

///Iterative version A
Node treeSearch( Node x, key k )
{
while(( x = null ) and (k = x_.key ))
{
1IT( k < x.key ) x = x.left;
else X = X.right;
by
return X;
\} Java-like pseudo code /

DSA
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Minimum in BST
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Minimum in BST - iteratively

/Node treeMinimum( Node X ) A
{
1IT( X == null ) return null;
while( X. = null )
{
X = X.
+
return Xx;
+

\ Java-like pseudo code /
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Maximum in BST - iteratively

/Node treeMaximum( Node X ) A
{
1IT( X == null ) return null;
while( X. = null )
{
X = X.
+
return Xx;
+

\ Java-like pseudo code /
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Maximum in BST
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Successor in BST 16

In the sorted order (in-order tree walk)

Two cases:
1. Right son exists

2. Right son is null
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Successor in BST o

In the sorted order (in-order tree walk)

1. Right son exists (7

O (1)
(8 @ (37 (S
09@0@6

succ(B) -> C >
-
succ(H) -> 1 How
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Successor in BST o

In the sorted order (in-order tree walk)

1. Right son exists (7

O (1)
(8 @ (37 (S
09@0@6

succ(B) -> C

Find the minimum in the right tree
succ(H) -> 1| > ’

= min( X.right)
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Successor in BST P

In the sorted order (in-order tree walk)

2. Right son is null (7

succ(G) -> H >HOW?
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Successor in BST "

In the sorted order (in-order tree walk)

2. Right son is null (@) X = node on path
y = Its parent

Find the minimal parent to the right

(the minimal parent the node is left from)
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Successor in BST 5

In the sorted order (in-order tree walk)

B ©
y = X.parent; // 2. right son i1s null
while(C (y = null) and (X == y.right)) ’
{
X =VY;
y = X.parent;
}
return y; // Tirst parent x 1s left from
\} Java-like pseudo code /

/Node treeSuccessor( Node x ) X = node on path A

{

if( x == null ) return null; y = Its parent
X

1IT( x.right '= null ) // 1. right son exists ‘v
return treeMinimum( x.right );
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Predecessor in BST 1

In the sorted order (in-order tree walk)

Node treePredecessor( Node x ) X = node on path A

{
1IT( x == null ) return null; Iﬁsparent

if( x.left 1= null )
return treeMaximum( x.left ); <<;

y = X.parent;
while(C (y '= null) and (x == y.left)) (H)

1
Ys ®

X

X.parent;
) Yy P ) B
return y;

} B @G

\ Java-like pseudo code /
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Operational Complexity

The following dynamic-set operations:
Search,
Maximum, Minimum,
Successor, Predecessor

can run in O(h) time

on a binary tree of height h. .... what h?
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Operational Complexity

h = log,(n)
=> 0(log(n)) @

=> palance the treel!!!
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Operational Complexity

The following dynamic-set operations:
Search,
Maximum, Minimum,
Successor, Predecessor

can run in O(n) time

on a not-balanced binary tree with n nodes.

and
can run in O(/og(n)) time
on a balanced binary tree with n nodes.
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Insert (vlozeni prvku)

° ok X = node on path
y = Its parent
e L <N o
(8 CF (3)y (S

L>J

X
» © 0 © C ® @

Insert L /t<m
1. find the parentleaf ... M
2. connect new element as a new leaf ... M.left
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Insert (vlozeni prvku)

(void treelnsert( Tree t, Node e ) X = node on path)

1 = its parent
X = t.root; y = null; //setXxtotree root y=1sp

1IT( X == null )

t.root = e; // tree was empty
else {
while(x = null) { //find the parent leaf
y = X,
1IT( e.key < x.key ) x = x._.left;
else x = x.right;
}
1IT( e.key < y.key ) y.left = e; //[adde toparenty
else y.right = e;
}
¥

\ Java-like pseudo code /

This is a simple version — with no update for equal keys
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Operational Complexity

Insert

1. find the parent leaf
O(h), O(log(n)) on balanced tree

2. connect the new element as a new leaf
O(1)

=> Q(h), i.e. O(log(n)) on balanced tree
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Delete (odstraneni prvku)

1)) Delete — 3 cases

D) ) a) leaf has no children

8 @o @ | |
c) node with two children

\ (problem with two
900> OYOU subtrees)

b) node with one child
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Delete (odstraneni prvku)
a) leaf (smaz list)

a) leaf has no children -> it is simply removed
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Delete (odstraneni prvku)
b) node with one child (vnitrni s 1 potomkem)

b) node has one child -> splice the node out
(premosti vymazany uzel)
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Delete (odstraneni prvku)
c) node with two children (se 2 potomky)
i e
o

@ delete(H)

»
»

c) node has two children -> replace node with
predecessor (or successor)
(it has no or one child)

and delete the predecessor
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Delete (odstraneni prvku)

Variables:

t tree
e element to be logically deleted from t

y element to be physically deleted from t
X IS y’'s only son or null

— will be connected to y’'s parent
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Delete (odstraneni prvku)

Node treeDelete( Tree t, Node e ) //e...node to logically delete A
{ Node x, Yy; //'y...node to physically delete
// X...y’s only son

. find node y (e or predecessor of e)
. find x = y’s only child or null
link X up with parent of y

link parent of y down to X

. replace e by 1n-order predecessor y
. return y (for later use ~ delete y)

O 01 WDN P
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Delete (odstraneni prvku)

Node treeDelete( Tree t, Node e ) //e...node to logically delete
{ Node x, Yy; //'y...node to physically delete
/Il X...y's only son

(1.find node y ]

iIf(e.left == null OR e.right == null)

y = e; // cases a, b) 0 to 1 child
else

y = TreePredecessor(e); /[ case c) 2 children

~

¢

67/122

pnt. ..



Delete (odstraneni prvku)

(.. Cont // On which side the child is?

(2. find x = y”’s only child (L or R) or null

)

iITC y.left '= null ) /[ a) null, b,c) only child

x = y.left;
else
X = y.right;

Q?nt_

DSA
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Delete (odstraneni prvku)

p
... cont

[3- link X up with 1ts new parent (former parent of y)

)

1If( x '= null ) x.parent = y.parent; // b,c)

cynt...

DSA
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Delete (odstraneni prvku)

— )
(4. Tink parent of y down to x By © X
if( y.parent == null ) —
t.root = X // y was root X

else 1T( y == (y.parent).left )
(y.parent).left = x; // y was left son
else
(y.parent).right = x; // y was right son

Link to
~ null

@yv=e
a)
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Delete (odstraneni prvku)

-

--f5- replace e with 1n-order predecessor

iIfCy 1=¢e ) Il replace e with in-order predecessor

{
e.key = y._key; /I copy the key

e.data = y.data;// copy other fields too
by

(6. return y (for later use)

return y; /[ instead of delete

s

DSA
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Delete on a single page

ﬁ\lode treeDelete( Tree t, Node e ) //e..node to logically delete \
{ Node x, Yy; /l'y...node to physically delete, x...y’s only son
if(e.left == null OR e.right == null)
y = e; // cases a, b) 0 to 1 child
else y = TreePredecessor(e); /l c) 2 children
iITC y.left '= null ) // a) null, b,c) only child
x = y.left;

else x = y.right;
1T x '= null ) x.parent = y.parent; // b,c)

i1IT(C y.parent == null ) t.root = X // y-root
else 1ITf( y == (y-parent).left ) (y.parent).left = x;// y-L son
else (y.parent).right = x;// y-R son

1Ty 1=e ) { I/ replace e with in-order predecessor

e.key = y.key;

e.dat = y.data; // copy other fields too
+
return y; // instead of delete

J Y
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And the operational complexity?



Operational Complexity

h =1log,(n) h=n!l
O(log(n)) O(n) !

=> palance the treel!!!
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Searching — talk overview

Typical operations
Quality measures
Implementation in an array
— Sequential search
— Binary search
Binary search tree — BST (BVS) — in dynamic memory
— Node representation
— Operations

— Tree balancing
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Tree balancing

Balancing criteria

Rotations
AVL — tree
Weighted tree
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Tree balancing

Why?
To get the O(log n) complexity of search,...
How?
By local modifications reach the global goal
(local modifications = rotations)
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Kriteria vyvazeni stromu

Silna podminka — shoda h podstromu (ldealni pfipad)
Pro vsechny uzly plati:
pocCet uzlu vlevo = pocet uzlu vpravo
Slabsi podminka — nasobek h =>c¢*h = O(log n)
—vySka podstromu - AVL strom
—vySka + pocet potomku - 1-2 strom, ...
—vaha podstromu (pocCty uzlu) - vahoveé vyvazeny
strom
— stejnd cerna vyska — Cerveno-¢erny strom
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Tree balancing criteria

Strong criterion (Ideal case)

For all nodes:

No of nodes to the left = No of nodes to the right

Weaker criterion: =>c¢*h = O(log n)

— subtree heights - AVL tree

— height + number of children - 1-2 tree, ...

— subtree weights (No of nodes) - weighted tree

— equal Black height — Red-Black tree
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Tree balancing

Balancing criteria

Rotations
AVL — tree

Weighted tree
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Rotations

Balance the tree (by changing tree structure)
Preserve mutual relation of nodes

- what was left, will stay left, ...

- left son is smaller, right son is larger,...
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L rotace (Left rotation)

1T(C root == null ) return root;
Node pl = root.right; (init)
IT (p1 == null) return root;
root.right = pl.left; @D
pl.left = root; (i
return pil;
k} Java-like pseudo code

/Node leftRotation( Node root ) { // subtree root!!!

DSA
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R rotace (right rotation)

1T(C root == null ) return root;
Node pl = root.left; (init)
IT (p1 == null) return root;
root.left = pl.right; @)
pl.right = root; (i
return pil;
K} Java-like pseudo code

/Node rightRotation( Node root ) { // subtree root!!!

DSA
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LR rotace (left-right rotation)

Node leftRightRotation( Node root ) { if(root==null)....: |
Node pl = root.left; Node p2 = pl.right; (init)
root.left = p2.right; @)
p2.right = root; (i
pl.right = p2.left; (i)
p2.left = pl; e\

L return p2; } Java-like pseudo code )
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RL rotace (right- left rotation)

ﬁode rightLeftRotation( Node root ) { if(root==null)...._; b
Node pl = root.right; Node p2 = pl.left; (init)
root.right = p2.left; @)
p2.left = root; (i
pl.left = p2.right; (auin
p2.right = pl; (v

Y return p2; } Java-like pseudo code )

DSA
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Tree balancing

Balancing criteria
Rotations

AVL Tree
Weighted tree
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AVL strom

AVL strom [richtago)
— Vyskove vyvazeny strom
— Georgij Maximovic Adelson-Velskij a Evgenij
MichajloviC Landis 1962
— Vyska: h=2
* Prazdny strom: vyska = -1
* neprazdny: vyska = vyska delSiho potomka
— Vyvazeny strom:
rozdil vysek potomku bal ={-1, 0, 1}
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AVL Tree

AVL tree [richtago
— Height balanced BST

— Georgij Maximovic Adelson-Velskij and Evgeni;
MichajloviC Landis, 1962

— Height: -
 Empty tree: height = -1
 Non-empty: height = height of the highest son

— Height balanced tree:

difference of son heights in interval
bal ={-1,0, 1}
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AVL tree

// A very i1nefficient recursive definition

"int height( Node t ) A
1ITC t == null )
return -1; //leaf
else
return 1 + max( height( t.left ),
height( t.right ) );
k} /

-

int bal( Node t )

) return height( t.left ) - height( t.right );

_ Java-like pseudo codej

J

DSA
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AVL strom - vysky a rozvazeni
AVL tree - heights and balance

VysSka podstromu / subtree height Q Q Q Q

-1 -1 -1 -1 -1 -1 -1 -1
bal ={-1, 0, 1}
=> nodes with a and @ absorb insertion or break the balance
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AVL strom pred vlozenim uzlu
AVL tree before node insertion

2 3
S
O O
0 o) -1 -1 1
ONO O
-17 =1-1 -1 0 0
—1—1—1—1

Insert here
will break the balance
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AVL strom - nejmensi podstrom
AVL tree - the smallest subtree

Nejmensi podstrom, ktery se muze pfidanim uzlu rozvazit
The smallest sub-tree that can loose its balance by insertion
its “neutral” subtree

* is balanced: bal=0
 remains balanced after insert
bale(-1,+1)

Subtree with root @
e absorbs insert right - @

 breaks balance if insert left
9

Smallest subtree
 modification near the leaves
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AVL tree

Node insertion — an example
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AVL strom - vlozeni uzlu doleva
AVL tree - node insertion left

a) Podstrom se pridanim uzlu doleva rozvazi
The sub-tree loses its balance by node insertion - left

1 0] 2 0
(0, O (L) O
0 0 -1 -1 1 0) -1 -1
insert left
0 @ AONO
-1 =1 -1 -1 0] =1 -1 -1
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AVL strom - prava rotace
AVL tree - right rotation

a) Vlozen doleva — doleva => korekce pravou rotaci
Node inserted to the left — left => balance by Right rotation
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AVL strom - vlozeni uzlu doprava
AVL tree after insertion-right

b) Podstrom se pridanim uzlu doprava rozvazi
The sub-tree loses its balance by node insertion - right

1

G f
o) 0 —1 -1 _1 -1
msertrlght
O © @

-17 51 -1 - -17 " :1-1
OR
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AVL strom - prava rotace
AVL tree - right rotation

b) Vlozen doleva — doprava => korekce LR rotaci
Node inserted left — right => balance by the LR rotation
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AVL tree

Node insertion - in general
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AVL strom - nejmensi podstrom
AVL tree - the smallest subtree

Nejmensi podstrom, ktery se pridanim uzlu rozvazi z bal = 0
The smallest sub-tree that looses its bal = 0 by insertion

n+1 N Node with balance 0
Sub-tree of height n
n with all nodes’ bal=0
n Sub-tree below with

n height n
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AVL strom - vlozeni uzlu doleva
AVL tree - node insertion left

a) Podstrom se pridanim uzlu doleva rozvazi
The sub-tree loses its balance by node insertion - left

B B
n+1 n n+2 n

A

N4 1 n

insert left ‘
N N

©
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AVL strom - prava rotace
AVL tree - right rotation

a) Vlozen doleva — doleva => korekce pravou rotaci (R rotaci)
Node inserted to the left — left => balance by right rotation
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AVL strom - vlozeni uzlu doprava
AVL tree after insertion-right

b1) Podstrom se pridanim uzlu doprava rozvazi
The sub-tree loses its balance by node insertion - right

C
n+2 n
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AVL strom - prava rotace
AVL tree - right rotation

b1) Vlozen doleva — doprava => korekce LR rotaci
Node inserted left — right => balance by the LR rotation

B
A/D 1
n
T LR rot
@ _Left from C, right from A
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AVL strom - prava rotace
AVL tree - right rotation

b2) Vlozen doleva — doprava => korekce LR rotaci
Node inserted left — right => balance by the LR rotation
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BST Insert without balancing

//ireelnsert( Tree t, Elem e ) \\
{
X = t.root;
y = null;
1IT( X == null ) t.root = e; // single-leaf tree
else {
While(x = null) { // find the parent leaf y
y_
1IT( e.key < x.key ) x = x.left
else x = x.right
¥
// add e to parent y
IT( e.key < y_.key )y.left = e
else y.right = e
}
J Y

Java-like pseudo code
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AVL Insert (with balancing)

/

avlTreelnsert( tree t, elem e )
{
// 1. 1nit
// 2. find a place for i1nsert
// 3. 1T( already present )
// replace the node
// else
// insert new node
// 4_balance the tree, 1T necessary

DSA

Java-like pseudo code
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AVL Insert - variables & init

/évlTreelnsert( Tree t, Elem e )
{
Node cur, fcur; // current sub-tree and 1ts father

Node a, b; // smallest unbalanced tree and 1ts son
Bool found; // node with the same key as e found

[

t ]
t.root; fcur = null;
r, b = null;

||1-|
O

1.
cu
a u

9 (2. find the place for insert ]

Java-like pseudo code
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AVL Insert - find place for insert
L N

(2. find the place for insert ]
while(( cur '= null ) and !found )
{
1IT( e.key == cur.key ) found = true;
else {
fcur = cur; // father of cur
1T( e.key < cur.key )
cur = cur.left;
else cur = cur.right;
1IT((C cur '= null) and ( bal(cur) = 0 )){
//remember possible place for unbalance
a = cur; // the deepest bal = +1 or -1
by
+
} o--.

_ Y,

DSA
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AVL Insert - replace or insert new

~

3. 1f( already present ) replace the node value }

1f( found )

setinfo( cur, e ); // replace the value
else {

// insert new node to fcur

// cons (e, null, null );

1If( fcur == null ) t.root = leaf( e ); // new
root

else {

1T( e.key < fcur.key )
fcur._left = leaf( e );

else
fcur.right = leaf( e );

\

/
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AVL Insert - balance the subtree

//f ... // 'found continues \\

[4-balance the tree, 1f necessary}

iIt( bal(a) == 2 ) { //inserted left from 1
b = a.left;
1IT( b.key < e.key ) // and right from 1ts left son
a.left = leftRotation( b ); // L rotation (LR)

a = rightRotation( a ); // R rotation

+

else 1f( bal(a) == -2){ //inserted right from -1
b = a.right;
1IT( e.key < b.key ) // and left from 1ts right son

a.right = rightRotation( b );// R rotation(RL)

a = leftRotation( a ); // L rotation

} // else tree remained balanced

} 7/ 'found

}
" /
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AVL Insert - balance the subtree

4. Balance summary

a b |Rotation

+ R rotation
+ — | LR rotation
— RL rotation

L rotation

DSA
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AVL - vyska stromu

For AVL tree S with n nodes holds

Height h(S) is at maximum 45% higher in comparison to
ideally balanced tree

log,(n+1) < h(S) < 1.4404 log,(n+2)-0.328
[Hudec96], [Honzik85]
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Tree balancing

Balancing criteria
Rotations

AVL — tree
Weighted tree
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Vahove vyvazene stromy
(stromy s ohraniCenym vyvazenim)

Vaha uzlu u ve strome S:
v (u) =1/2, kdyz je u listem
v(u)=([Ul+1) 7 (JU[+1),
kdyz u je kofen podstromu S ,c S
U, = mnozina uzlu
levého podstromu v podstromu S,
U = mnozina uzlu podstromu S,

DSA 114/122



Weight balanced trees

Weight v(u) of node u in tree S

v (u) =1/2, if uis leaf
v(u)=([Ul+1) /7 (JUl+1),
if uis the root of sub-tree S, c S

U, = set of nodes
in the left sub-tree of sub-tree S
U = set of nodes in sub-tree S
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Welight balanced tree example

(5+1) / (12+1)

3+1) / (5+1 =6/13
R O (3+1)/ (6+1)

(1+1) / (3+1) (D) (N o
=1/2 (1+1) / (2+1)

O @ Y2 () O

1/2

(0+1) / (1+1) 1/2 1/2 1/2 1/2
=1/2
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Vahove vyvazene stromy

Strom s ohraniCenym vyvazenim a.:

Strom S ma ohranicené vyvazeni o, 0 <o <£0,95,
jestlize pro vsechny uzly S plati
oa<vu)<1-a

Vyska h(S) stromu S s ohraniCenym vyvazenim o
h(S) < (1 +log,(n+1)-1)/log, (1/(1- a))
Vyska idealné

vyvazeného stromu
[Hudec96], [Mehlhorn84]
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Weight balanced trees

Weight balanced tree delimited by a.:

Tree S has the balance delimited by a,, 0 < a < 0,5,
if for all nodes S holds
oa<vu)<1-a

Height h(S) of tree S with balance delimited by a.:
h(S) < (1 + log,(n+1) - 1) / log, (1 / (1- a))
balanced tree

height [Hudec96], [Mehlhorng4]
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L rotation (Left rotation) [Hudecos]

Vp' =Val(Va+ (1-Vy) . Vp)
Vg' =V, + (1- V) . Vg
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RL rotation (Right-Left rotation)

Vp' =V ! (Va+ (1- Vp) Vg Vi)
Vg’ = Vg (1- Vi) / (1- Vg Vi)
VC, — VA + (1' VA) . VA VB [Hudec96]
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Prameny

Bohuslav Hudec: Programovaci techniky, skripta, CVUT Praha,
1993
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